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Effect of Convective Flow across a Film on
Facilitated Transport

M. CHAARA and R. D. NOBLE

DEPARTMENT OF CHEMICAL ENGINEERING
UNIVERSITY OF COLORADO
BOULDER. COLORADO 80309-0424

Abstract

An analytical expression is derived for the facilitation factor in facilitated
transport across a liquid film. This solution is an extension of previous results in
that it accounts for convective flow across the film. In addition, the expression
accounts for external mass-transfer resistances as well as diffusion and reaction
within the liquid film. A solution procedure to evaluate the important system
parameters is described.

INTRODUCTION

Facilitated transport is a process whereby a nonvolatile chemical
carrier facilitates or augments the transport of a solute across a liquid
film (see Ref. I Yor a detailed discussion). A measure of this facilitation
effect is the facilitation factor which is defined as the ratio of the total
solute flux with facilitation to the solute diffusion flux. The most
common reaction mechanism studied is A + B = AB. Here A is the
solute, B is the carrier, and AB is the carrier-solute complex.

Previously, Noble et al. (2) derived an analytical expression for the
facilitation factor. This expression included external mass-transfer
resistances as well as diffusion and reaction within the film. They
developed a graphical method based on their result to analyze experi-
mental data.

The objective of this study is to include the effect of convective flow
across the film. This is done through the introduction of a Peclet number
(Pe). This effect can be important in two cases. For ceramic membranes,
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where surface diffusion in the pores is the facilitating effect, bulk
convective flow can occur in larger pores. In ion-exchange film supports,
incomplete saturation of the sweep gas can cause water to flow across the
film.

PROBLEM DESCRIPTION

Referring to Fig. 1, the differential equations which describe the steady-
state solute transport with convection are:

d’C dC
DA dsz _Ua‘é_kaBCA""k,CAB:O (1)
d*c
D g —d_x_Az‘—B + kaBCA —k,Cag=0 (2)

The appropriate boundary conditions are:

- (C dC dC
X = 0: k0<’—_AO - CA) = _DA _' A + UCA; AB - 0 (3)
- dC dcC
x=L:k(Cy—0)=-D,%2 4 yc,. 9 _ (4)

0 L
Ao A
A-B -5
A AB-
A-B -uB
X
A+B=AB

Fi1G. 1. Facilitated transport membrane.
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Based on reaction equilibrium, Smith and Quinn (3) assumed that Cy
is constant and is given by

Cr

1+K,q§"%

Cp = (5)

Using Eq. (5), Egs. (1) and (2) become linear, and an analytical solution is
now possible. But before presenting the final solution, the above
equations can be put in dimensionless form (2, 4, 5) where:

¢ = inverse Damkohler number = D ,p/k,L? (6)

a = mobility ratio = (D,gCrm)/(DAC no) (7)

K = dimensionless equilibrium constant = k,C,¢/k,m (8)
C* = dimensionless solute constant = C,m/C g 9)

C%s = dimensionless complex concentration = C,5/Cr (10)

Sh = Sherwood number = kL/D, (11)
Pe = Peclet nubmer = (v/D,)L (12)
X = dimensionless length = x/L (13)

The resulting equivalent dimensionless equations are

d£CE _ L. dCt_ oK
ax: X e(1+K)

C:+%cx3=o (14)

£Cts , K L1

* —J
X T+ K) AT =0 (13)
dc dc}
X = 0: 728 — (Shy + Pe)CE = ~Shy; 42 = 0 (16)
X= l:d——cz+(Shl—Pe)CX=0; dCXB=0 a7
ax dX
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where

Cy 1

C;r 1+K

(18)

The next step now is to transform Egs. (14)-(17) to a fourth-order
ordinary differential equation with four boundary conditions for Com-
ponent A. We start by solving Eq. (14) for C%; and then substituting it in

Egs. (15) through (17) to get

d‘Ct _ Pe d’Ct _ ( ak ) d*C* +Pe Pe dc¥ _ -0
ax* dx® g(1 + K) dx? ax
X=0:
dc¥
HA — (Sh,y + Pe)C% = —Sh,
_edCy ePedCt K dCX_,
a dx? a dx? 1+ K dx
X=1

dc
4CA 4 (Sh,— Pe)Ct =0
I (Sh, )CR

e d°C* X, ePe dZC*_'_ K dct_
a dx* " 1+K dX

(7.dX3

The solution to the reduced equations above is

Ct = C, + C, exp (m>X) + C, exp (m:X) + C, exp (mX)

+2(5) o (3)

P a(4) i (1-9)
m3—3+2<3> sm3 3

where

u\'ﬁ

(19)

(20)

(2D

(22)

(23)

(24)

(25)

(26)
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_Pe__(AN”  (n @
me= 3 2<3) sm(§+§) (27)
Pe? akK 1
A= -
3 + e(1 + K) + € (28)
2 2 Pe oKPe
B= - —pe+=-C__oftte
73 TR+ K) (29)

(3 M

The constant of integrations are then given by

= — - my - __m
Co= |1+ g exp mac, = [ 1+ e xp (mCs
- [1 + (Sh]’”—_‘*Pe)] exp (m4)C, (31)
_ (Sh, — Pe)Shy[exp (m,) — exp (m,)]4:4,
C: (Sh, + Pe)Jdet [4] 3 (32)
_ (Sh, — Pe)Shy[exp (m,) — exp (m,)]4,4
¢ = (Shy + Pe)Adet [4] B (33)
C, = (Sh, — Pe)Shy[exp (m,) — exp (m;)]4,4, (34)

(Shq + Pe) det [4]

det [4] = A,A4;B,[exp (m;3) — exp (m,)] + A,4,Bs[exp (m,) — exp (my)]

+ A3A,B;[exp (m,) — exp (m3)] (35)
Finally:
A4,= - Em}+ £ (Peym? + m (36)
' a ' a "TT1+KT
= Mm, + (Sh, — Pe)lexp (m;) — 1] + m, exp (m;) (37)

"~ (Sh, + Pe)
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where i = 2, 3, 4. Note, the above solution is only valid when (4%/27) —
(B*/4) > 0 (6). In this problem, however, it can be shown that the above
restriction always holds for all possible A’s and B’s. The facilitation factor
F is defined by

=8
F = dc* X=1a#0 (38)
(PeCX - —A>
dX X=1la=0

The total flux fora = 0 at X = 1 is found by referring back to the original
equations (Eqgs. 14 through 17) to get

PeSh,Sh, exp (Pe)
X=la=0 Sh 1(Shy + Pe) exp (Pe) — Shy(Sh, — Pe)

(39

%
(PeCX - &)
dX

then the facilitation factor will be reduced to

[PeC; + (Pe — m;)C, exp (m,) + (Pe — m3)C3 exp (m3) + (Pe — my)Cq exp (my)]
PeShySh, exp (Pe)
Sh(Shy + Pe) exp (Pe) — Shy(Sh; — Pe)

F]——'

(40)

After studying F for different input parameters, we have found that for all
practical purposes Eq. (40) reduces to

_ [Shy(Shy + Pe) exp (Pe) — Shy(Sh, — Pe)] -
Sh,Sh, exp (Pe) !

(41)

where C, is given by Eq. (34). In Eq. (40) the term (Pe — m,)C, exp (m,) is
very small (10'¥) and the terms (Pe — m,)C, exp (m,) and (Pe — m;)C,
exp (m;) cancel each other with a difference in the range of (10 to 107%).
Hence, Eq. (41) is more practical to use without any loss of accuracy.



12: 55 25 January 2011

Downl oaded At:

EFFECT OF CONVECTIVE FLOW 899

RESULTS

The facilitation factors calculated through Egs. (40) and (41) agreed
very well with respect to each other, and with respect to reported results
by Noble et al. (2) for the case when Pe = 0 (see Table 1).

Table 2 shows that for a given Pe, F increases as Sh increases. This
makes sense as increasing Sh reduces the external mass transfer
resistance, which is nonselective. Again, this makes sense as the bulk flow
through the membrane does not provide any selectivity.

Table 2 and Fig. 2 show that the facilitation factor is equal to 1 when
the Sherwood and the Peclet numbers are equal and that F goes below 1
when the Peclet number becomes larger than the Sherwood number. This
causes a sign change in the C¥ term in Eq. (17) and also in Eq. (41). This
sign change causes the concentration gradient to reverse sign. This
implies that the diffusional flux at each boundary reverses direction. Of
course, this has adverse effects on the magnitude of the solute flux and
the membrane selectivity.

It is this finding that we believe is new and of great importance since it
has been believed that the facilitation factor cannot go below 1. This
finding then tells us that it is important in cases of high external mass-
transfer (low Sherwood number) resistance to try to keep the convective
mass-transfer as low as possible to maximize the facilitation factor. The

TABLE 1
Comparison of Facilitation Factor for
£=0001,K=3,a=100Sh=2

F
Pe F 1 F. 2 F 3
0.000 1.759 1.759 1.782
1.000 1.237 1.237 1244
2.000 1.000 1.000 1.000
3.000 0.892 0.892 0.887
4.000 0.843 0.843 0.835
5.000 0.825 0.825 0814
6.000 0.821 0.821 0.807
7.000 0.825 0.825 0.809
8.000 0.833 0.833 0.816
9.000 0.843 0.843 0.825

10.000 0.855 0.855 0.859
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She o Epsilon=.001

K=3.0
=500
Sh=50 Alpha=10.0

8
7
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3
2

Facilitation Factor (F)
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Peclet Number (Pe)

FIG. 2. Facilitated factor versus Peclet number for different Sherwood numbers.

no external resistance case corresponds to a Sherwood number equal to
infinity, and since Pe is much less than that, the above finding has not
been observed.

Table 2 and Fig. 2 also tell us that even for high Sherwood numbers,
the Peclet number still has a considerable effect on the facilitation factor.
For example, for Sh = o, as Pe goes from 0 to 10, the facilitation factor F
goes from 7.3 to 1.3 (see Table 2). So even at high Sherwood numbers, the
lower the Peclet number, the higher the facilitation factor would be.

The term

my
(1 + Sh, — Pe> exp (my)C,

in C, is very small compared to the other two terms, hence by neglecting it
in Eq. (41) and taking the limit as e—»0, we obtain a useful equation for
analyzing experimental reaction equilibrium data:

_ Aja + Sh; — Pe + m;
Co[Sh, — Pe + (Sh, + Pe) exp (m3)]4:a + B3C,o(Shy + Pe)

(42)

F,
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where

C. = Sh; exp (Pe) (43)

' exp (m})[Sh,(Sh, + Pe) exp (Pe) ~ Shy(Sh, — Pe)]
, _ Pe 2(1+K)—aK] 4
" 3[1+(1+K)+K0. (44)
3 p— K 1
= (Shl - Pe) ' _ "o ' '
B} ——(Sho ¥ Pe) mj + (Sh, — Pe)[exp (m3) — 1] + m3 exp (m}) (46)

Table 1 shows the facilitation factor calculated via the three different
equations presented here, and very little difference is noticeable.

Now, Eq. (42) can be put in a more practical form by just dividing the
numerator and the denominator by a to get

A, + (Sh, — Pe + m%)a™"

F. =
* 7 C\o[Sh, — Pe + (Sh, + Pe) exp (m})]4} + BiC o(Sh, + Pe)a™"
(47)
or, to put it in a more compact and different form,
_a +b'Cy
F3 Cl + d,CAO (48)
since
a = CaoDa
DpgCrm
where
' K ’
r ’ DA
= (Sh, — Pe + m}) (50)

DABCTm
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¢’ = Co[Sh, — Pe + (Shy + Pe) exp (m3)]|4; (51)

D,

"= B, + Pe) —~—
d 2C1o(Shy e) DasCrm

(52)

So, if experimental data on F versus C,, is available, a curve fit to Eq. (48)
would give us a’, b, ¢’, and d', and then by using Egs. (49) through (52) we
can find Shy, Sh,, Pe, and D,

The procedure is as follows. Once a’, b', ¢’, and d' are known, Pe is
calculated using Eq. (49), then plugging it in Eq. (50) and solving for Sh;,
in terms of D,g. Substituting Sh; into Egs. (51) and (52) results in having
two equations and two unknowns (Shy and D,p).

Note that by putting Eq. (47) in the form of Eq. (48) made it easy to
solve for Pe and then reduce the problem to just two algebraic equations
instead of four.

It is important to point out that this solution (Eq. 24) is not valid when
Pe equals zero. For this case, one can use the solution of Noble et al.
).

In conclusion, the convective effect on the facilitation factor is
important for high external mass-transfer resistance membranes. For low
external resistance, the Peclet number should be minimized so as to
maximize the facilitation factor. Finally, Eq. (48) is useful in experi-
mental work to estimate the external mass-transfer resistance at the two
membrane boundaries and to approximate the Peclet number and the
effective diffusion coefficient for the carrier-solute complex.
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